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Part A (5x2= 10 marks)
Answer AL L questions

Explain complete space with an example.
Define: B(X,Y).

Define: Hilbert spaces.

Define: Hilbert adjoint operator.

Are every finite dimensiona normed space is reflexive? Why?

Part B (5x5= 25 marks)
Answer AL L questions

State and prove Riesz lemma.

Define equivalent norms. Prove that on a finite dimensional vector space X any norm || is

equivalent to any other norm |||

Show that the dual space of I* is|”.

Define alinear operator. Show that for alinear operator T, therange R(T) isavector space.

Let X peaninner product space over K and X, Y € X besuch that x isorthogona to y, then

[x+ VI =X+ M- 1f X be areal inner product spacethen [+ || =[x|"+[y|| implies x is
orthogonal to y .

In an inner product space X, (x,u)=(x,v),V x, show that u=v.

Let x=0,y=0, if x isorthogonal toy, then show that {x, y} islinearly independent.

State and prove Hahn Banach Theorem for normed spaces.

Let H, and H,be Hilbert spaces. T :H, - H, bethe bounded linear operators. Then show that
i) <T*y, X>=<y,TX>,VX€ H,,yeH,

i) T*T\:HTr* =|T|*
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Let X be anormed space and {X,} be asequencein X . Then show that the sequence {”Xn”} Is
bounded.

State and prove Uniform boundedness theorem.

Part C (5x7= 35 marks)
Answer AL L questions

Show that the Banach space L"[a,b] is the completion of the normed space which consists of

al continuous real valued functionson [a,b].

In a finite dimensional normed space X , any subset M < X is compact if and only if M is
closed and bounded.

Let T bealinear operator. Then prove that,
i) therange R(T) isavector space
i) if dimD(T) <o and T™ exists, then dimR(T) =dim D(T)

Prove that the dual space X' of anormed space X isaBanach space.

Orthonormalize the first three terms of the sequence (x;,%,%,,...) Where X, (t) =t! on the

interval [-1,1] where (X, y) = Jl. x(t) y(t)dt .

-1

An orthonormal set M in aHilbert space H isatota in H if and only if for al fixed xe H ,
the Parseval relation Z‘(x,q}‘z =||x|* holds.
k

L et the operators U,V : H — H be Unitary, where H isaHilbert space. Then prove that
i) U isisometric.
i) UV isUnitary.
i) U isnormal.

Prove: Let X be anormed space and X, # 0 be any element of X . Thus there exist bounded

linear functional f on X such that Hf Hzl f (%) =|x|. For every x in normed space X

MY
x| = sup :
[ = sup Tl

For a normed space X | prove that a strong convergence in X implies weak convergence. Is
the converse true? Justify your answer.

State and prove closed graph theorem
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